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Summary

How to calculate effect size for categorical data?

- Risk-Ratio (Relative Risk)

- Odds-Ratio

Confidence Intervals

- Theory

- How to calculate



Effect Size

We used chi-square test (and Fisher’s Exact Test) to find that 
hormone therapy was not statistically independent from the 
risk of coronal hear disease (CHD)



Effect Size

But, we want to know:
1) Does it make you more likely to get CHD? Less?
2) How much more/less likely to get CHD?



Effect Size

→ 1 in 3                women get CHD → BAD

→ 1 in 1,000,000  women get CHD → OK?
(Remember, it reduces risk of other diseases such 
as osteoporosis)

This is called Relative Risk (Risk Ratio). How much 
does it increase probability (“risk”) of getting CHD 
over control/placebo’s probability of getting CHD?

It is a type of Effect Size measurement.



Effect Size in CHD

CHD No CHD SUM

Estrogen/Progestin 164 8342 8506

Placebo 122 7980 8102

SUM 286 16322 16608

“We observed a significant association between the preventive 
intervention (Estrogen/Progestin versus placebo) and later 
occurrence of coronary heart disease (χ2[1] = 4.37, p = 0.037).”



Table from the Journal Article

The Women’s health initiative investigators. JAMA, 2002



Table from the Journal Article

The Women’s health initiative investigators. JAMA, 2002

Hazard ratio (HR) is the risk of a particular outcome (e.g. death) in a certain 
period (e.g., follow-up). It’s used in the context of a “survival analysis”.



Results from the Article



Risk Ratio Formula

Illness No Illness SUM

risk factor  Yes a b a+b

risk factor  No c d c+d

Risk Ratio=
a

(a+b)
/

c
(c+d)



Risk Ratio for CHD

CHD No CHD SUM

Estrogen/Progestin 164 8342 8506

Placebo 122 7980 8102

SUM 286 16322 16608

CHD Risk of Hormones=
N (CHD∩Hormones )

N (Hormones)
=
164
8506

=0.0193

CHD Risk of Placebo=
N (CHD∩Placebo)

N (Placebo)
=
122
8102

=0.0151

Risk Ratio=
Risk (Hormones)
Risk (Placebo )

=
0.0193
0.0151

=1.2804



Risk Ratio for CHD

CHD No CHD SUM

Estrogen/Progestin 164 8342 8506

Placebo 122 7980 8102

SUM 286 16322 16608

Risk Ratio=
Risk (Hormones)
Risk (Placebo )

=
0.0193
0.0151

=1.2804

Risk of CHD from Hormone Therapy is increased 
because Risk Ratio > 1.0



Risk Ratio for Osteoporosis (Fracture)

Fracture No Fracture SUM

Estrogen/Progestin 650 7856 8506

Placebo 788 7314 8102

SUM 1438 15170 16608

Fracture Risk of Hormones=
650
8506

=0.0764

Fracture Risk of Placebo=
788
8102

=0.0973

Risk Ratio=
0.0764
0.0973

=0.7852



Risk Ratio for Osteoporosis (Fracture)

Fracture No Fracture SUM

Estrogen/Progestin 650 7856 8506

Placebo 788 7314 8102

SUM 1438 15170 16608

Risk Ratio=
0.0764
0.0973

=0.7852

Risk of Bone Fracture from Hormone Therapy is 
decreased because Risk Ratio < 1.0



Risk Ratio for Cancer

Cancer No Cancer SUM

Estrogen/Progestin 502 8006 8506

Placebo 458 7644 8102

SUM 958 15650 16608

Cancer Risk of Hormones=
502
8506

=0.0590

Cancer Risk of Placebo=
458
8102

=0.0565

Risk Ratio=
0.0590
0.0565

=1.044



Risk Ratio for Cancer

Cancer No Cancer SUM

Estrogen/Progestin 502 8006 8506

Placebo 458 7644 8102

SUM 958 15650 16608

Risk Ratio=
0.0590
0.0565

=1.044

Risk of Cancer from Hormone Therapy is 
insignificant because Risk Ratio ~ 1.0



Risk Ratio for Cancer

Cancer No Cancer SUM

Estrogen/Progestin 502 8006 8506

Placebo 458 7644 8102

SUM 958 15650 16608

Risk Ratio=
0.0590
0.0565

=1.044

Risk of Cancer from Hormone Therapy is 
insignificant because Risk Ratio ~ 1.0You can already see where this is going…

We need to know if 1.044 if close enough to 1.0



Risk Ratio Distribution
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The distribution of RR values
is centered at 1 and skewed;
RR always > 0.

Here, we simulated 2x2 contingency tables assuming no effect of 
the risk factor on outcome and calculated the Risk Ratios.



Log-Risk Distribution
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Reminder: loge(e)=1; e = 2.7183; loge(0)= -infinity 

If we log-transform the Risk Ratios, the transformed values have a 
normal distribution.



Confidence Intervals

Do you remember the “Babies born in Bradford” study?
We can take a sample of the whole population.

We calculate the sample arithmetic mean to estimate the 
population mean.

How confident can we be that our estimate is close to the 
“true” population mean?

Aliens with amazing technology scanned all the babies in 
Bradford and told us (secretly):

population mean: μ = 3209g
population standard deviation: σ = 564.4g



Standard Error of the Mean (SEM)
Let’s assume, we repeatedly take samples (n=10) of
the Bradford babies to estimate the population mean.

Baby weight

Histogram of 1 sample (n=10)
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Try randomly sampling 10 babies a 
bunch of times…







Standard Error of the Mean (SEM)
Repeat this 10,000 times (n=10), and plot the estimated means in a 
histogram:
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Standard Error of the Mean (SEM)
Repeat this 10,000 times (n=10), and plot the estimated means in a 
histogram:
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Remember how we talked about 
“average of averages” before 
(when we talk about “Standard 
Deviation”)



Standard Error of the Mean (SEM)
Repeat this 10,000 times (n=10), and plot the estimated means in a 
histogram:
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The name gives it away, but SEM 
is the “Standard Deviation” 
(error) of sample mean from the 
“true mean”



SEM is smaller with larger samples...
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Larger sample size (n=50) each time will result in smaller variance 
(because the limit will tend towards the true mean)



SEM is smaller with larger samples...
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10,000 repeats of sample size n=1000



Standard Error of the Mean (SEM)
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The distribution of the sample 
means (estimated sampling 
distribution) has the shape of a 
normal distribution.

The peak/mean of this normal 
distribution is the population 
average (the parameter we want to 
estimate)!

sample size n=50

population average

Central Limit theorem
(will come back in class 10)
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SEM is Standard Deviation of Sample 
Means
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The standard deviation of this 
estimated sampling distribution 
depends on the sample size of the 
samples we take.

This is called standard error of the 
mean (SEM)

SEMSEM

3209g

In this example: SEM = 80g

sample mean [g]
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n=50

s x̄=s/√n
You can estimate from a single 
sample:
s = sample standard deviation
n = sample size



Confidence Interval

Is Risk Ratio 1.044 close enough to 1.000?

We know, the area under the normal curve is 68% in the interval:
[Mean - 1 SD; Mean + 1 SD]
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n=50So, for the sampling distribution, 
the area under the curve is 68% in 
the interval:

[Mean – 1 SEM, Mean + 1 SEM]

That means, the probability that 
our sample mean is in that interval 
is 68%.



68% is too small, we want more!
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We know, the area under the normal curve is 90% in this interval:
 [Mean - 1.645 x SD; Mean + 1.645 x SD]

SEMSEM

3209g

For our example: [3078; 3340]

The probability to get a sample 
mean within this interval is 90%.

sample mean [g]
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n=50



90% still too small, we want 95%...
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For our example: [3053; 3365]

The probability to get a sample 
mean within that interval is 95%.

sample mean [g]
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We know, the area under the normal curve is 95% in this interval:
 [Mean - 1.96 x SD; Mean + 1.96 x SD]



99% confidence...
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For our example: [3003; 3415]

The probability to get a sample 
mean within that interval is 99%.

sample mean [g]
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n
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n=50

We know, the area under the normal curve is 99% in this interval:
 [Mean - 2.576 x SEM; Mean + 2.576 x SEM]



Confidence Intervals

So, to be more confident, we have to allow for 
more probability that our observed sample is 
taken from the “tail”

Which means the range of possible values in 
which we predict the “true mean” could fall is 
wider.



Narrow CI by getting more data
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3209g

n=1000

For our example: [3163; 3255]

The probability to get a sample 
mean within that interval is 99%.

sample mean [g]
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If we use n=1000, 99% confidence interval is narrower.
→ So, you can become more sure (“narrow down”) where 
the true mean is by collecting more data. Makes sense.



Confidence Interval: X% confident that 
“true mean” falls in the interval.

A 90% confidence interval is constructed such that the probability that the confidence 
interval contains the true mean is 90%.

True mean = 3209g

3300g

3400g

3100g

3000g

3500g

2900g

Sample1



Problem: N>30

Actually, N=10 in my example is too small → it does not approximate 
normal distribution. So, your N should be > 30.



Don’t get confused: Population 
Distribution vs Sampling Distribution
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Population distribution

sample mean [g]

sample size n=1000
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σ (population standard deviation)

birth weight [g]

Sampling distribution

The population distribution is the distribution of the birth weights in our population. 
The sampling distribution is the distribution of sample means estimated from, e.g., 
n=1000 sampled babies.

In our example:
σ = 564.4g

SD (σ) of 
this is SEM!



Risk Ratio Formula

Illness No Illness SUM

risk factor  Yes a b a+b

risk factor  No c d c+d

Risk Ratio=
a

(a+b)
/

c
(c+d)

SE ( log (RR))=√ b /a
(a+b)

+
d /c

(c+d)



Risk Ratio Formula

Illness No Illness SUM

risk factor  Yes a b a+b

risk factor  No c d c+d

Risk Ratio=
a

(a+b)
/

c
(c+d)

SE ( log (RR))=√ b /a
(a+b)

+
d /c

(c+d)

https://stats.stackexchange.com/questions/126727/why-does
nt-standard-error-for-ratios-have-log-in-it
 

How to derive this is 
not for this course, it 
uses variance of 
multinomial 
distribution and delta 
method

https://stats.stackexchange.com/questions/126727/why-doesnt-standard-error-for-ratios-have-log-in-it
https://stats.stackexchange.com/questions/126727/why-doesnt-standard-error-for-ratios-have-log-in-it


Confidence Interval for Risk Ratio

RR = 1.2804
loge(RR) = 0.2472

SE(loge(RR)) =  0.1185

95% CI for loge(RR) = 0.2472 ± 1.96 x 0.1185 = [0.0149; 0.4795]

95% CI for RR = [e0.0149; e0.4795] = [1.01; 1.62]

The risk ratio for CHD after prevention with Estrogen/Progestin compared to 
placebo is 1.28 (95% CI: 1.01-1.62).

CHD No CHD SUM

Estrogen/Progestin 164 8342 8506

Placebo 122 7980 8102

SUM 286 16322 16608

SE ( log(RR))=√ 8342/1648506
+
7980/122
8102



Confidence Interval for Risk Ratio

The risk ratio for CHD after prevention with Estrogen/Progestin compared to 
placebo is 1.28 (95% CI: 1.01-1.62).

In this case, the 95% confidence interval does not include ‘1’. That means, there is 
a significant association of preventive medication with Estrogen/Progestin or 
placebo and the occurrence of CHD (at the α=0.05 level).

The risk ratio of 1.28 (95% CI:1.01-1.62) indicates higher risk of CHD when receiving 
preventive Estrogen/Progestin compared to placebo.

CHD No CHD SUM

Estrogen/Progestin 164 8342 8506

Placebo 122 7980 8102

SUM 286 16322 16608



Confidence Interval for Risk Ratio

The risk ratio for CHD after prevention with Estrogen/Progestin compared to 
placebo is 1.28 (95% CI: 1.01-1.62).

In this case, the 95% confidence interval does not include ‘1’. That means, there is 
a significant association of preventive medication with Estrogen/Progestin or 
placebo and the occurrence of CHD (at the α=0.05 level).

The risk ratio of 1.28 (95% CI:1.01-1.62) indicates higher risk of CHD when receiving 
preventive Estrogen/Progestin compared to placebo.

CHD No CHD SUM

Estrogen/Progestin 164 8342 8506

Placebo 122 7980 8102

SUM 286 16322 16608

This is how you should report 
ratios and confidence intervals in 
your homeworks!



Odds Ratios

What do you do when you do a case-control 
study.



TMP-SMX Case-Control Study

Case control study:

Antoniou et al.(2011) had the suspicion that patients treated with a drug for 
systolic heart failure + a drug for urinary tract infection (TMP-SMX) causes 
hyperkalemia (too much potassium in blood). If the drug for urinary tract 
infection was something else (Amoxicillin) they suspected no hyperkalemia .

They looked for hyperkalemia cases and matched controls (no hyperkalemia):

Cases Controls

TMP-SMX 161 162

Other drug 36 325

Antoniou et al., BMJ, 2011



Randomize Control Experiment versus
Case control study

In our CHD example, if we found women who had CHD, and then we went 
and recruited (other) women who don’t have CHD as controls. In both cases 
we don’t ask if they got hormone therapy.
→ After recruiting, we would ask who in each group got Hormone therapy.
→ CHD/Total is no longer Probability of CHD
   (Since CHD don’t “come from” the whole group.)

Experiment (or 
Cohort Study)

Case Control



Randomize Control Experiment versus
Case control study

Sometimes you have to do this in situation where 
you want to study something when you find an 
“affected” population, but you didn’t start an 
experiment beforehand, and you don’t have time 
to wait to observe outcomes.

Experiment (or 
Cohort Study)

Case Control



Can’t use Risk Ratio...
It doesn’t make sense to calculate the risk ratio in a case-control study, 
because a risk ratio depends on the number of controls:

Cases Controls SUM

TMP-SMX 161 162 323

Other drug 36 325 361

SUM 197 487 684

Cases Controls SUM

TMP-SMX 161 1620 1781

Other drug 36 3250 3286

SUM 197 4870 5067

Risk Ratio = (161/323) / (36/361) = 4.5

Risk Ratio = (161/1781) / (36/3286) = 8.25

Now we select 10 x Controls:



Odds Ratio

So, we take the odds ratio:

The odds of getting “heads” when tossing a coin:

Number of favorable outcomes / Number of unfavorable outcomes
= 1/1 = 1

The probability of getting “heads” when tossing a coin:

Number of favorable outcomes / Number of all outcomes = 1/2 = 0.5

The odds of getting “6” when throwing a die = 1/5 = 0.2

Oddsof x=
number of possible favorable outcomes
number of possible unfavorable outcomes



Odds Ratio

So, we take the odds ratio:

The odds of getting “heads” when tossing a coin:

Number of favorable outcomes / Number of unfavorable outcomes
= 1/1 = 1

The probability of getting “heads” when tossing a coin:

Number of favorable outcomes / Number of all outcomes = 1/2 = 0.5

The odds of getting “6” when throwing a die = 1/5 = 0.2

Oddsof x=
number of possible favorable outcomes
number of possible unfavorable outcomes

Odds does not care about the 
probability of those outcomes, 
just the number!!!!!!!



Horse Races
Let’s go to a horse-race:

“Thunderstorm” “Petunia”

There are 100 bettors (100 Yen each):
99 bet for Thunderstorm 1 for Petunia

The odds against Petunia are 99 to 1 = 99/1
(The odds for Petunia are 1 to 99 = 1/99)

If Thunderstorm wins, the winners (99 bettors) will collect 100/9900 yen on 
every 100 Yen wagered (in sum: 100 + 100/9900 Yen).



Horse Races
Let’s go to a horse-race:

“Thunderstorm” “Petunia”

There are 100 bettors (100 Yen each):
99 bet for Thunderstorm 1 for Petunia

The odds against Petunia are 99 to 1 = 99/1
(The odds for Petunia are 1 to 99 = 1/99)

If Petunia wins, the winner (1 bettors) will collect 9900 yen on every 100 Yen 
wagered (in sum: 100 + 9900 Yen = 10,000 Yen).



Horse Races
Let’s go to a horse-race:

“Thunderstorm” “Petunia”

There are 100 bettors (100 Yen each):
99 bet for Thunderstorm 1 for Petunia

The odds against Petunia are 99 to 1 = 99/1
(The odds for Petunia are 1 to 99 = 1/99)

If Petunia wins, the winner (1 bettors) will collect 9900 yen on every 100 Yen 
wagered (in sum: 100 + 9900 Yen = 10,000 Yen).

We don’t know (or care) which 
horse is faster!
Just “how many ways to win”



Horse Races
Let’s go to a horse-race:

“Thunderstorm” “Petunia”

There are 100 bettors (100 Yen each):
99 bet for Thunderstorm 1 for Petunia

The odds against Petunia are 99 to 1 = 99/1
(The odds for Petunia are 1 to 99 = 1/99)

If Petunia wins, the winner (1 bettors) will collect 9900 yen on every 100 Yen 
wagered (in sum: 100 + 9900 Yen = 10,000 Yen).

People often make mistake:
→ They think probability of 
petunia winning is 1/100



Horse Races
Let’s go to a horse-race:

“Thunderstorm” “Petunia”

There are 100 bettors (100 Yen each):
50 bet for Thunderstorm 50 for Petunia

The odds against Petunia are 1 to 1 = 1/1 = 1
(The odds for Petunia are 1 to 1 also = 1/1 = 1)

If Petunia wins, the winners (50 bettors) will collect 100 yen on every 100 Yen 
wagered (in sum: 100 + 100 Yen = 200 Yen).



Odds Ratio Formula

General:

Cases Controls

Risk yes a b

Risk no c d

Same Result!
OddsRatio=

a
c
/
b
d

OddsRatio=
a
b
/
c
d



Odds Ratio in Practice

Cases Controls

TMP-SMX 161 162

Other drug 36 325

Odds Ratio compares the odds of an outcome for one group with another.

Odds for having taken TMP-SMX (rather than the other drug) when being admitted 
to hospital with hyperkalemia:                                           

Odds for having taken TMP-SMX (rather than the other drug) in the control group:
   

→  Nine times the odds to have taken TMP-SMX (rather than the other drug) among 
the hyperkalemia patients!

N (TMPSMX∩Cases )

N (Other drug∩cases)
=
161
36

=4.4722

N (TMPSMX∩Controls )
N (Other drug∩Controls )

=
162
325

=0.4985

OddsRatio=
4.4722
0.4985

=8.972

OddsRatio=
a
c
/
b
d



The other way

Cases Controls

TMP-SMX 161 162

Other drug 36 325

Odds Ratio compares the odds of an outcome for one group with another.

Odds for developing hyperkalemia when taking TMP-SMX:                                          

Odds for developing hyperkalemia when taking the other drug:
   

→  Nine times the odds to develop hyperkalemia with TMP-SMX than the other drug!

161
162

=0.9939

36
325

=0.1108

OddsRatio=
0.9939
0.1108

=8.972

OddsRatio=
a
b
/
c
d



For Odds Confidence Interval:
Distribution of Odds Ratio
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OR always > 0.

Here, again we simulated 2x2 contingency tables assuming no effect 
of the risk factor on outcome and calculated the Odds Ratios.



Again, log-odds is normally distributed
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Distribution is now symmetrical,
centered at 0.

If we log-transform the Odds Ratios, the transformed values have 
a normal distribution.



Confidence Interval for Odds Ratio

Cases Controls

risk yes a b

risk no c d

OddsRatio=
a
b
/
c
d

SE ( log (Odds Ratio))=√ 1a +
1
b
+
1
c
+
1
d



Odds Ratio Confidence Inverval Example

Cases Controls

TMP-SMX 161 162

Other drug 36 325

OR = .9939/.1108 = 8.972
loge(OR) = 2.1941

  

95% CI for loge(OR)=  2.1941 ± 1.96 x 0.2079 = [1.79; 2.60] 

95% CI for OR= [e1.79; e2.60] = [5.97; 13.49] 

The odds ratio for hyperkalemia after treatment with TMP-SMX compared to other 
drugs is 8.97 (95% CI: 5.97-13.49).

SE ( log (Odds Ratio))=√ 1
161

+
1
162

+
1
36

+
1
325

=0.2079



How to report Odds Ratio

Cases Controls

TMP-SMX 161 162

Other drug 36 325

The odds ratio for hyperkalemia after treatment with TMP-SMX compared to 
other drugs is 8.97 (95% CI: 5.97-13.49).

In this case, the 95% confidence interval does not include ‘1’. That means, there is 
a significant association of treatment with TMP-SMX compared with other drugs 
and hyperkalemia (at the α=0.05 level).

The odds ratio of 8.97 (95% CI: 5.97-13.49) indicates increased odds for 
hyperkalemia when being treated with TMP-SMX (in combination with a drug for 
systolic heart failure) compared with other drugs.



Odds/Risk Ratio in JMP

In the “Fit Y by X” window, you can 
also find options for Relative Risk 
and Odds Ratio.

You can change the confidence 
interval by setting an α level:
0.01 -> 99% CI
0.05 -> 95% CI
0.10 -> 90% CI



Summary

- With Risk and Odds ratios we have measures of direction and effect 
size of a treatment/exposure.

- Risk Ratio is appropriate for randomized controlled trials (and cohort 
studies), Odds Ratio for case-control studies.

- Confidence intervals can express how confident we are (providing an 
interval that contains the population mean with a certain probability). 

- For Risk Ratio (RR) and Odds Ratio (OR) we can calculate the 
confidence interval with a trick: first transform the RR or OR values by 
applying the natural logarithm (this results in an approximately 
normal distribution), calculate the confidence intervals, and transform 
them back by applying ex.



Extra Slides






	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 65
	Slide 66
	Slide 67
	Slide 68
	Slide 69
	Slide 70
	Slide 71

